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One-dimensional Schrodinger operators 
with ^'-interactions 
on a set of Lebesgue measure zero 
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Abstract 



We give an abstract definition of a one-dimensional Schrodinger operator with (5'-interaction 
on an arbitrary set T of Lebesgue measure zero. The number of negative eigenvalues of such 
an operator is at least as large as the number of those isolated points of the set T that have 
I negative values of the intensity constants of the (^'-inter action. In the case where the set T 

is endowed with a Radon measure, we give constructive examples of such operators having 
an infinite number of negative eigenvalues. 
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^ : 1 Introduction 

One important problem in the theory of singular perturbations of a Schrodinger operator is to 
construct non-trivial self-adjoint operators that describe interactions on a set F of Lebesgue 
measure zero [3,4]. The most studied case is the one where F consists of isolated points. In 
this case the corresponding interaction is called point interaction and leads to solvable models in 
^ ' quantum mechanics [3,4]. 

■ For an arbitrary closed set F of Lebesgue measure zero, the Schrodinger operator with interac- 

tion on F is defined as a self-adjoint extension of the minimal operator — ^ defined on functions 
in the space C^{R^ \ F) [3,4,8,24], In some cases, other definitions of the Schrodinger operator 
with interaction on F are possible. Such definitions are given in terms of certain boundary con- 
ditions [3,4], singular perturbations [4,5], quadratic forms [1,14], construction of BVS [22,23], and 
other methods [30]. If F is endowed with a Radon measure, then Schrodinger operators with 
interactions on F can be defined using analogues of the usual boundary conditions on F [8,24]. 

In this paper, we give an abstract definition of a Schrodinger operator L^^s' with ^'-interaction 
on an arbitrary set F of Lebesgue measure zero. If the set F contains isolated points, then functions 
from the domain of such an operator satisfy the usual boundary conditions for the (^'-interaction 
with some intensities in the isolated points of F. In this case, the number of negative eigenvalues of 
the operator Lt,5' is not less than the number of isolated points of F having negative intensities of 
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(^'-interaction (Theorem 1). If F is endowed with a Radon measure, then the Schrodinger operator 
with (^'-interaction on F can also be defined using boundary conditions on F (Theorem 2). We give 
constructive examples of Schrodinger operators with ^'-interactions on F having an infinite number 
of negative eigenvalues (Theorem 3). The classification of point interactions for a one-dimensional 
Schrodinger operator is briefiy given in section 2. In section 8 we give the deficiency subspaces of 
the minimal operator so that it becomes possible to determine the set of all Schrodinger operators 
describing an interaction which takes place inside F. 

2 Point interactions 

The one- dimensional Schrodinger operator that describes a one-point interaction in a point xq is 
a self-adjoint operator on the space L2{R}) and, for x ^ xq, is given by the differential expres- 
sion — The maximal domain of the operator — ^ for x 7^ Xq is the Sobolev space 1^2^ (i?^ \ 
{xo}). For functions (p, ip E W2{R^ \ {xo}), we have the Lagrange formula 

{-r, - (^, = coiT^, r^), (1) 

where the boundary form u is defined on the space E"^ of boundary values of the functions ip 

and ip, 

F^ = col (V'(xo + 0), V'(xo - 0), ^'(xo + 0), f{xo - 0)) G E\ 

by the formula 

uj{TtP, Tip) = V'(xo + 0)^{xo + 0) - ^{xo + 0)^'ixo + 0) 

- ^'(xo - OMxo - 0) + ij{xo - 0)<^'(xo - 0). (2) 

Self-adjoint restrictions of the maximal operator are defined by domains in terms of the corre- 
sponding boundary data that make a Lagrangian plane in the space E'^; it is a maximal subspace 
on which the boundary form satisfies wlTip, Tip) = 0. Since the boundary form ([2]) can be repre- 
sented as 

uj{Tip, Tip) = (Fi^, F2V?)£;2 - (F2V', ^i^)e-2, (3) 

where Tiip = col (■?/'' (xq + O), —i/j'{xo — 0)), T21P = col {■i/j{xo + 0),iIj{xo — 0)), the general self-adjoint 
boundary conditions are given by a unitary matrix U operating on the space E"^, 

T^^P + ^T2^p = U{T^^-^T2i^). (4) 

The matrix U uniquely parametrizes the Lagrangian planes. This gives rise to a Schrodinger oper- 
ator Au on the space L2{B}) with the domain consisting of all functions in the space H^2^(i?^\{xo}) 
satisfying boundary condition (4) and Auip = —ip"{x), x 7^ Xq. The Schrodinger operator Au 
that describes a point interaction in the point Xq is characterized with the matrix U. 
Conditions (4) contain split boundary conditions of the form 

ipi^xo + 0) cos a+ — ip'i^o + 0) sin a+ = 0, 

(5) 

ipi^xo — 0) cos q;_ — ip'^xo — 0) sin a- = 0, 

where a± G (— f , f ]• These boundary conditions define a non-transparent interaction in the 
point Xq. Conditions (5) correspond to a self-adjoint Schrodinger operator A on the space L2{R^) = 
L2(— 00, xo) © L2{xo, +00). This operator can be decomposed into the direct sum A = AiQ) A2 of 
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self-adjoint operators Ai and A2 acting on the spaces L2(— 00, xq) and L2{x(), +00) that correspond 
to boundary conditions (5) in the points x = Xq — and x = Xq + 0, respectively. 

A converse statement also holds true. If a self-adjoint Schrodinger operator A describes a one 
point interaction and admits a representation as a direct sum, A = Ai (B A2, then the functions 
in its domain satisfy boundary conditions (5) with some real numbers a±. 

Boundary conditions (4) split if and only if the unitary matrix U is diagonal, U = diag (e^*"+, e~^*"- 
In this case, boundary conditions (4) are equivalent to conditions (5). 

The one-dimensional Schrodinger operator corresponding to point interactions on a finite 
set X = {xi,...,Xn} is a self-adjoint extension, to the space L2{R^), of the minimal opera- 
tor Lmin,x defined on the space C^{R^ \ X) by Lmin,x'^{x) = —ip"{x) [3, 4]. All such self-adjoint 
extensions are described by Lagrangian planes in the Euclidean space i?^" of boundary data for 
the functions ip G W2{R^ \ X). This leads to self-adjoint boundary conditions given by unitary 
matrices acting on i?^". Localized self-adjoint boundary conditions have the form of (4) in every 
point Xk G X^ whereas localized indecomposable boundary conditions have the form [3] 

col {^{xk + 0), V^'(xfc + 0)) = Afccol (^(xfc - 0), ^'(xfc - 0)), (6) 

where the transmission matrices A^ can be written as A^ = e^^''Rk, where Rk is a real matrix, and 
det Rk = I, rjk is a. real constant. 

The boundary form (2) can be represented equivalently as 

uj{Tip, Tip) = {Tiip, T2(p)e2 - (f 2^^, f 2¥^)£2, (7) 

where 

Titp = col {lp's,1ps), T2tp = C0\{lpr,-'ipr), (8) 

= ^{xq + 0) - ^{xo - 0); = ^'{xo + 0) - f{xo - 0); 

A = ^[ip{xo + 0) + ^xo - 0)]; = l[iP'{xo + 0) + f{xo - 0)]. 

By ([7]), general self-adjoint boundary conditions in the point Xq are defined with a unitary 
matrix U acting on the space E'^ and have the form 



(9) 



tiij + zT2iJ = U{tiij-iT2ij). (10) 

The matrices U and U in the boundary conditions (4) and f lTOj) are connected with each other via 
the relations 

U = {3CUC + 1)(3 + 3CUC)-\ 
U = C*{3-U){3U ~1)C, 

where ^^isa unitary matrix. 

Among one-point interactions, the following four cases are important. 

1) The ^-interaction, or 5-potential, with intensity a is defined by the boundary conditions 

ip{xo + 0) - ip{xo - 0) = 0, ip'{xo + 0) -ip'{xo-0) = aiprixo), (11) 

where Xq is the interaction point. In this case, the A- matrix in the boundary conditions ([6]) 
1 



has the form A 



a 1 
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2) The (^'-interaction with intensity /3 is defined by the boundary conditions 

^P'ixo + 0) - ^P'ixo - 0) = 0, ^(xo + 0) - ^(a;o - 0) = P^'M- (12) 

In this case, the A-matrix in the boundary conditions ([6]) has the form A = ^ ^ ^ 

3) The (^'-potential with intensity 7 is defined with the boundary conditions 

ij{xo + 0)-ij{xo-0) = -fMxo), ^/^'(a;o + 0)-^'(xo-0) = -7^:(xo). (13) 

An equivalent form of the boundary conditions (|T3l) is ip{xo + 0) = Oip{xo — 0), ip'{xo + 0) = 

2 + 7 

6~^ip'{xo — 0), where 9 = . In this case, the matrix A in the boundary conditions (E]) 

2-7 

• A f ' 

4) The 5-magnetic potential with intensity fi is defined in terms of the boundary conditions 

ij{xo + 0) -ij{xo-0) =ifiipr{xo), iIj'{xo + 0) -ij'{xo-0) = ifiipl{xo), (14) 

where i is the imaginary unit. An equivalent form of the boundary conditions f|T4l) is ip{xo + 
0) = e''^ip{xo — 0), ip'{xo + 0) = e^'^ip'{xQ — 0), where | = tan 2. In this case, A in the 
boundary conditions ([6]) is a multiple of the identity matrix, A = e^^I . 

To explain the names and the physical meaning of the four types of interactions listed above, 
consider at first the formal Schrodinger operators L, 

d? 

+ £(5(^)(x-xo), j = 0, 1; £ = a, j = 0; £ = 7, j = 1, (15) 



dx"^ 



the expression Lif) can be defined in the sense of distribution theory for functions %l) G W2{R^ \ 

Indeed, the expression — ^ on such functions in the sense of distribution theory, is given 
by the expression 

~ = -^"(a;) - - xo)'4)s{xo) - 6{x - xo)ijj'^{xo) . (16) 

The product S^^\x — Xo)ip{x) is well defined if ip ^ C°°{R^), that is, the function is a 
multiplicator for the Schwartz space C^{R^) of test functions. In this case, 

6{x — Xo)4'{x) = 4'{Xo)6{x — Xq), 6'{x — Xo)4'{x) = 1pr{Xo)6'{x — Xq) — 1p'^{Xo)6{x — Xq). (17) 

The identity (fTTl) can be extended as to also encompass discontinuous functions ip G C°°(-R^\{xo}) 
by defining the functional S''^\x — xq) by {6^^\x — xo),ip{x)) = {—ly ipi''\xo) [4]. Hence, with 
such a definition, formulas ( ITTj) hold if all iIj^^\xo) in the right-hand sides of formulas (ITTI) are 
replaced with ilji-^\xo). 

If (ITB]) and (IT71) are used in (HM . then the condition Lip G L2{R^) leads to (fTTl) if j = and 
to (US]) if j = 1. 
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Consider now a one-dimensional Schrodinger operator with magnetic field potential a and 
potential V, that is, L = {i-^ + a)^ + V, in the particular case where L = — ^ + 2ia^ + ia' 
and a{x) = fiS{x), so that 

L^i; = + 2ia5{x)^ + (18) 

If we use expressions (fT6|) . ([T71) in f|T8l) . then imposing the condition on ip{x) G iy2^(i?^ \ {xq}) 
that the distribution Lfj^ijj is a usual function in L2{R^) leads to (|T4l) . Hence, the boundary 
conditions ( fT4l) describe a magnetic field with the potential a{x) = fi6{x). 

Particular forms of the boundary conditions (11)-(14) can be represented as 

i^'si^o) \ - B ( ^'■f^°^ ^ (19) 



where ips, ip'g, ipr, and ip'^ are defined in (9). The matrix B = ^ ^ + ifi ^ ^ self-adjoint 

and each condition in (10)-(14) follows from (fT9l) by setting three of the four parameters a, /3, 7, 
fi to zero. For an arbitrary self-adjoint matrix B, the conditions (fT9ll make a particular case of 
self-adjoint boundary conditions of the form (10) with the unitary matrix U = [B — i)~^{B + i). 

Note that the boundary conditions ( fT9l) do not contain all non-splitting self-adjoint boundary 
conditions of the form (4). In particular, they do not include boundary conditions of the form 

^'{xo + 0) = iXo^Pixo - 0), ^'{xo - 0) = zAo^(xo + 0) (20) 

with a real constant Aq. The boundary conditions fl20|) describe a point interaction, in the point x = 
Xq, transparent for the waves e*'^^' with A = Aq- In this case, the function ip = e^^°^ satisfies the 
boundary conditions fl20l) and the Schrodinger equation. Boundary conditions fl20|) have the 



form (6) with the matrix A 



-Ao^ 
Ao 



Let us also give a relation between the matrix A from the boundary condition (6) and the 
matrix B from the conditions (fT9l) . 



0+ /3 



where D = {1 - f /x)^ - \a/3 - ^± = (1 ± i)^ + + 

The Schrodinger operator Lb corresponding to the boundary conditions f ll9p for a point inter- 
action in the point Xq = can formally be represented with the following expression containing 
the Dirac (5-function and its derivative S'{x), 

= + c^Six)i; S) - (35\x){-, 5') + (7 + ^^i)5\x){■, 5) + (7 - ^/i)<5(x)(-, 5'). (21) 

Here the differentiation is understood in the distribution sense, and the functionals {-,5) 
and (-,(5') are defined by (V, 5) = V^,(0) = i[^(-t-0) + z^(-O)], (z^, 5') = -^^^(0) = -|[V^'(+0) + 
^/''(— 0)]. The domain of the operator Lb is defined by the condition Lb^P € L2{R}) imposed on 
the functions ip [4]. 

It is well known [3,4] that a model for point interactions is exactly solvable and can serve 
as a good approximation of real Schrodinger operators if the potential v has small support in 
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a neighborhood of the point Xq, that is, v{x) = for \x — Xq\ > e, and the processes un- 
der the study have the energy much less than e"^. Here it is assumed that, for the ener- 
gies under consideration, the matrix that connects values of solutions of the Schrodinger 
equation [— ^ + v]''P = -^^"^ and their derivatives ip'{x) for x = Xq — £ and Xq + e, that is, 
col('?/'(xo + e),V''(a^o + = ^eCol {^'{xo — e),ip'{xo — e)), is close to the matrix A that defines 
the boundary conditions (l6l) for the point interaction. Thus the Schrodinger operator with point 
interaction can be considered as a limit (in a certain sense, e.g., in the sense of uniform resolvent 
convergence), as e — )■ 0, of Schrodinger operators with the potentials Vs{x) with A^ — )■ A for £ — )■ 0. 
Here, the potentials themselves may or may not have a limit as e — )■ even in the sense 

of distributions. It can happen that their limit values, even if they exist, do not determine the 
character and the intensity of the point interaction. 

Let us look at this phenomenon in greater details for the case of (^'-potentials; this case was 
considered in a number of papers [2, 16-19,21,28,29,31-35]. For a model of 5-potentials with 
intensity a, one can take a sequence of regular potentials Ve{x) — )■ aS{x) with e — )■ 0, for exam- 
ple, Ve{x) = ae~^ip{-), where the compactly supported function ip is such that / ip{x) dx = 1. 
More complex potentials can be well modeled on small intervals by a sum of several 5-functions, 

TV 

Ve{x) = aj{e)6{x - Xj{e)), (22) 

where all Xj{e) — )■ Xq for e — i- 0. It is shown in [6] that the (^'-interaction is well modeled with 
three approaching (5-functions that have special opposite sign increasing intensities aj{e). When 
modeling a ^'-potential of intensity 7, the number of terms in representation ( l22l) depends on the 
conditions to be satisfied. Since the matrix A in the boundary conditions ([6]) is diagonal for the 
(^'-potential of intensity 7, there are two necessary conditions on the elements of the matrix A^, 

1) lim(A,)2,i = 0, 

e-s> 

2) lim(A,)i,i = (l + i)(l-i)-^ 

e—^ 

These two conditions can be satisfied with two terms in approximation (12^ . 

Vs{x) = aie~^6{x) + a2e'^6{x — e), (23) 

where ai = 7(1 - ^)~^ ct2 = -7(1 + |)~"^- 

Here, the potentials f ^ do not have a limit as e — )■ in the sense of distributions. In this case, the 

matrix A^ can be written as a product of three matrices A^ = A2A°Ai, where A^ = ^ ^ 
{ cosAe '^'"^^ \ 

j = 1,2, A° = I \ • \ • These matrices give a relation between the solutions il){x) 

\ — A sm \e cos \£ J 

of the Schrodinger equation 

ijj + v^ip = X ip 



dx"^ 

and its derivatives ip'{x) in different points x 



col (^(+0), ^'(+0)) = Aicol (V'(-O), ^'(-0)), 
col {ij{e - 0), ij'{e - 0)) = A^col (^(+0), ^'(+0)), 
col {^{e + 0),^'{e + 0)) = A2C0I {tfj{e - 0), t/j'ie - 0)). 
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Using the explicit form of aj we get 

2 + 7 

where 6 = . Hence, the hmit Schrodinger operator corresponds to a point interaction having 

2-7 

(^'-potential of intensity 7. 

One can additionally require that Vs{x) — )■ k6'{x) in fl2^ as £ — )■ 0. This can be achieved if we 
take 

fe(a;) = aie~^5{x + e) + a2£~^5{x) + a3e~^5{x — e) (24) 

in where ^2 = ±27[72 - 4]-^, ai = ^ + f{l + |), = - f (1 - i). 

In the limit as e — ?■ 0, the Schrodinger operators with the potentials v^{x) of the form f|24p 
define point interaction of ^'-potential type with intensity 7, and the limit fe(x) — )■ k6'{x) exists 
in the distribution sense, where the constant k = ai — 03 = 7 + 02 depends on the choice of 
the sign of 02 and, consequently, it does not determine the intensity 7. Moreover, considering an 
expression of the form ( 122|) for the potentials Vs{x) with four terms 

Ve{x) = aie~^5{x) + a2£^'^5{x — e) + a^e^^S^x — 26) + a4,6^^S{x — 3e), (25) 

where ai = —1, 0^2 = 6, 03 = —3, = —2 we obtain \imVir(x) = 66' (x) in the sense of 

distributions. On the other hand, it is easy to see that limA3e = /, that is, if £ — ?■ 0, the 

Schrodinger operators with potentials f l2^ converge to a free Schrodinger operator. By taking ai = 
^4 = 3, 0:2 = «3 = — 3 in (^^, we have Vs{x) — )■ and the Schrodinger operators converge to a 
direct sum of operators on the spaces L2(— oo,0) and L2(0, +00) corresponding to the Dirichlet 
conditions '^^(±0) = 0. 

Let us remark that if the Schrodinger operators have potentials in the form of (!23|) — ( 125|) . then 
the kernels of the resolvents for these operators can be written explicitly similarly to the case of 
the limit Schrodinger operator. This yields that these operators converge, as e — )■ 0, in the sense 
of uniform resolvent convergence. 

The above conclusions about Schrodinger operators with potentials fl23|) - f l25|) remain also 
true if Vs are piecewise constant or even G C^{R^) if they can well approximate each term 
in ([22D— (125]). 

Let us also make a remark on one more feature of point interactions. If the support of 
the potential Vs{x) belongs to the interval {—e,e) and its components v~{x) = 9{—x)vs{x), 
v^{x) = 6{x)vs{x), where 6 is the unit Heaviside function, determine point interactions with 
the corresponding matrices A~ and A"*", as e — )■ 0, then the potential Ve{x) also gives rise to a 
point interaction, as e — )■ 0, with the matrix A = A+A^. This leads to additivity of intensities a 
and (3 for 6- and (^'-interactions, since they correspond to triangular matrices A~, A+, A. For 
point interactions with S'-tjpe potentials and 5-magnetic potentials, the intensities 7 and /i do 
not have such an additivity property. Here, if 7_ and 7+ are intensities of ^'-potentials correspond- 
ing to v~ and v^, then the total intensity 7 is found as 7 = (7. + 7+)(l + |7_7+)~^. Thus, for 
point interactions with 5'-type potential and 5-magnetic potential, the "additive" characteristics 
of the intensities are useful. The additive characteristic ^ for (^'-potential with intensity 7 are 
defined by the identities = ie^*, where the sign "+" is taken if I7I < 2 and we take the 
sign "— " if I7I > 2. A more exact definition of additive characteristic for point interactions with 
(^'-potential is the following. Additive characteristic is a pair (^, s) consisting of the number C, 
and the sign s = ±L As two-point interactions with ^'-potentials having characteristics (■Ci^-Si) 
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and (^2, -52) approach, the total characteristic s) is found as s) = (,^1 + C,2,Si ■ S2), which 
corresponds to the above "adding" rule for the intensities 7_ and 7+. 

For a point interaction with 5-magnetic potential of intensity n, the A-matrix in the boundary 
condition (|6]) is a multiple of the identity matrix, A = e^^I. Hence, it is convenient to take the 
number 77 to be an "additive" characteristic of the (5-magnetic potential. There is a relation 
between fi and r], n = 2tan|. For two approaching point interactions with (5-magnetic potentials 
having characteristics r]i and 772, the corresponding total characteristic is t] = rji + ri2. 

It is not true that if the Schrodinger operators —-^+Ve{x) converge, as e — )■ 0, to a Schrodinger 
operator with point interaction of a certain type then the operators — ^ + kv^{x), where k ^ 1 
is an arbitrary real constant, also converge to a Schrodinger operator with point interaction of 
the same type. In the general case, this is true only for 5-potential. It is shown in [21] that, for 
special approximations of a(5'-functions where Ve = ae~'^ip{-), J ipi^) dx = 0, J xip{x) dx = —1, 
the Schrodinger operators have a limit that defines a point interaction of ^'-potential only for 
special "resonance" values of a. 

Proposition 1. For a one- dimensional Schrodinger operator A with local interactions on a finite 
set X = {xi, ...,Xn}, to describe a 6' -interaction it is necessary and sufficient that all the func- 
tions G C^{R^) such that x'(^) ^ C^{R^ \ X) belong to the domain of the operator A and 
the operator A does not admit a representation as a direct sum A = Ai (B A2 of two self-adjoint 
operators on the spaces L2(— 00, a) and -^2(0, +00) for any a. 

Proof. Necessity follows, since the boundary conditions for a ^'-interaction can not be represented 
in the form ([5]), that is, the operator with ^'-interaction can not be represented a.s A = Ai (B A2. 
Moreover, each function x{x) G C^{R^) satisfying x'{^) ^ C^{R^\X) assumes constant values in 
small neighborhoods of the points x^ G X. Hence, this function satisfies the boundary conditions 
for ^'-interaction on the set X with arbitrary intensities. 

Sufficiency follows, since if the operator A does not admit the representation A = Ai (B A2 on 
the space L2(— oo,a) © L2(a, -|-oo) and the function x(a;) G D{A) is distinct from zero only in a 
small neighborhood of the point Xk not containing other points of X, the boundary condition ([6]) 

leads to the matrix A = ^ ^ ^ with real f3k- This corresponds to ^'-interaction in the point Xk 

with intensity f3k- □ 



3 Interactions on a set of measure zero 

Let r be a closed bounded subset of R^ of Lebesgue measure zero, |r| =0. There is a symmetric 
minimal operator Lmin,r defined on the space L2{R^) by Lmin,TVi.^) = "V^"!^) functions ^9 G 
C^{R^ \ r). An operator adjoint in L2{R^) to the operator Lmm,r is maximal. Its domain 

Each self-adjoint operator A, that is, a self-adjoint extension of the operator L^mj, defines an 
interaction on the set F. 

Definition 1. We will say that a self-adjoint operator A D Lmin,r defines a local interaction on F 
if u{x) G £1(^4) implies that x{x)u{x) G '^{A) for an arbitrary cutting function x(a;) G C^{R^) 
such that x'{^) ^ C^{R^ \ T). In this case, we also say that the functions in 1){A) satisfy local 
boundary conditions. 
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Lemma 1. Let be a self- adjoint operator on the space L2{R^) describing a local interaction 
on r. Let a,b ^ r, a < b. Then, the second Green formula holds true for any functions f,g E 



[{Arf){x)g{x) - f{x){Arg){x)] dx = f{b)g'{b) - f{b)g{b) - f{a)g'{a) + f{a)g{a). (26) 

In case of a = — oo or b = +00 in the rightside of there are no terms of boundary data of 
functions f, g at points a = —00 or b = +00. 

Proof. Let a_ < a and 6+ > 6 be such that the intervals (a_,a) and {b^b^) contain no points of 
r. Let G C(f (a_,6+) be a cutting function that equals to 1 with x G (a, 6). The functions 
/o = ■ / and go = ■ g belong to domain of the operator A-p since the operator A-p describes a 
local interaction on F according to definition 1. The functions /o, go, A-pfo, A^go coincide with /, 
g, A-pf, A-pg at x G {a,b), respectively. Therefore the righthandside of fl2^ can be written in the 
following form: 



I[{Arfo)ix)goix) - fo{x){Argo)ix)] dx 



J [{Arfo){x)go{x) - fo{x){Argo)ix)] dx - f [-fog^+fog'o] dx 

a- [a- ,a)U{b,b+) 



iArfo,go) - ifo,Argo) + foip)g'^{b) - fo{b)go{b) - fo{a)g'^{a) + /^(a)^o(a). 

This leads to equality fl26|) since the operator A^ is a self-adjoint on L2{R^) and the functions /o, 
go coincide with /, g on the interval [a, b]. 

In case of a = —00, taking of a_ = —00, we do not have terms with boundary data of 
functions / and g at the point a = —00. In the same way, in the case when b = +00, we do 
not have terms of values / and g at the point b = +00. Let us note that the boundary data 

= (/(a), /(a)', fib)') of functions / G D(Ar) fill all the space E\ □ 

Proposition 2. Let the conditions of Lemma 1 hold. Let Ajf'^''' be a restriction of the operator 
Ay on the space -^2(0, b) acting as following A^^'^\x{a,b)f] = X{a,fe)^r/ for any function f G Ti{Ay) 
such that f{a) = f{b) = 0. Here, Xia,b){x) is a characteristic function on the interval {a,b), i.e. 
X{a,b){x) = 1 with X G {a,b), and Xia,b){x) = with x ^ (a, 6). Then, A^f'^^ is a self-adjoint 
operator on the L2{a,b). 

Proof. The definition of the operator A^'''^ is correct, since the operator Ar is a local operator 
A-pip{x) = —iIj"{x),x ^ r. Formula shows that the operator A^'''^ is a symmetric restriction 
of maximal operator for functions that correspond to self-adjoint boundary conditions /(a) = 
f{b) = 0. Therefore, A^'''^ is a self-adjoint operator on ^2(0, 6). □ 

Lemma 2. Let a self-adjoint operator A-p define a local interaction on F. Let xq G F 6e an 
isolated point of the set F. Then the functions in D{Ay) satisfy local boundary conditions (4) in 
the point xq. 

Proof. Let Xq G F be an isolated point of the set F. Then there exists an interval (a, b) such that 
(a, b) contains no other points of the set F except for xq. Let us consider all functions ip,^p E S)(y4r) 
that equal to zero at x = a, b. Then, 



V)= / [-<(x)v^(x)-^(x)^"(x)]rfx = a;(F^,F^), 
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where the boundary form u is defined in (2). Since the operator ' is a self-adjoint operator 
on L2{a,b) in virtue of Proposition 2 then functions ip G must satisfy the boundary 

condition (4). 

□ 

Definition 2. We will say that a self-adjoint operator A admits splitting boundary conditions 
in a point Xq G F if the operator A on the space L2{R^) = L2(— oo,a;o) © L2{xq, +oo) admits a 
representation in the form of the direct sum A = Ai (B A2 of a self-adjoint operator Ai on the 
space L2{—oo,Xo) and an operator A2 on the space L2{xo, +00). 

Lemma 3. Let xq & T be an isolated point of the set T. Let a self-adjoint operator Ar define 
a local interaction on T and not admit splitting boundary conditions in a point xq. Then the 
functions in 1){A) satisfy non-splitting boundary conditions in the point Xq of the form (6). 

Proof. The proof follows from Lemma 2 and the general form of (6) for non-splitting boundary 
conditions. □ 

Definition 3. We say that a self-adjoint operator A D Lmin,r describes a ^'-interaction on F 
if the operator A corresponds to local non-splitting boundary conditions on F and all the func- 
tions xix) e C^{R^) satisfying x'ix) G C^{R^ \ F) belong to 

Lemma 4. Let a self-adjoint operator A D Lmin,v define a 5' -interaction on F. If xq E T is an 
isolated point of the set T, then there exists a real number /3 such that the functions in D{A) satisfy 
boundary conditions (12) for point 5' -interactions with intensity /3. 

Proof. The proof follows since a function '^q{x), that equals 1 on a small neighborhood of the 
point Xq, belongs to 2) (A), and satisfies the local non-splitting boundary condition (6) if and only 
if the boundary condition describes a (^'-interaction (see the proof of Proposition 1). □ 



4 Test functions for 5'— interactions 



Let Xq G F be an isolated point of a bounded closed set F having Lebesgue measure zero. Let a 
self-adjoint operator A define a (^'-interaction on F. In particular, the functions 'il){x) G D{A), in 
the point xq, satisfy the boundary conditions 

V''(xo + 0) = 7/>'(xo - 0), ^'(a^o + 0) - ^(xo - 0) = f3^W{xo + 0) + V'(xo - 0)] (27) 

where /3 is intensity of the (^'-interaction in the point Xq. We construct a function that belongs 
to 2)(A), has compact support, satisfies condition (1271) in the point Xq, and consists piecewise of 
parabolas and constants. 

Definition 4. Consider the following test function that depends on 4 parameters e, /3, /, r: 



t{x,e,(3,l,r) 



0, 



t^{x + e) 



+ ^(x-e)2 
f3 + e, 

P + e-^il-x) 
S#(/ + 2r-x)2, 



X < —e, 
-e < X < 0, 

< X < e, 
e < X < I, 

1 < X < I -\- r, 

I + r < X < I + 2r, 
l + 2r <x. 
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Proposition 3. The following 4 properties of test functions easily follow from Definition 4- 

1) A test function is twice (weakly) difjerentiable with compact support for x ^ 0. 

2) The test function i(x) = t{x — xq; e, /3, 1, r) satisfies condition (27) for a 5' -interaction with 
intensity (3. 

3) If < 6 < Eq is such that the 2eo-neighborhood of the point xq contains no points ofT other 
than Xq and the value of I is larger than the diameter of T, then the test function t{x) = t{x — 
xo',e,P,l,r) belongs to the domain of any self-adjoint operator A defining a 6' -interaction 
on r and the5' -interaction in the point Xq with intensity /3. 

2 2 

4) If 3) holds, then (At,i) = (3 + -e + —{13 + ef . 

3 3r 

5 Number of negative eigenvalues for ^'-interaction 

It is well known [7, 23] that for point (^'-interactions at finitely many points the number of negative 
eigenvalues of the Schrodinger operator equals the number of points having negative intensities of 
the ^'-interactions. In the case of infinitely many points it can happen that the point spectrum 
is empty, cf. [3], Theorem 3.6. However, for bounded T and if the negative spectrum is discrete, 
there is the following generalization of the mentioned result on the number of negative eigenvalues. 

Theorem 1. Let A^^s' be a self-adjoint Schrodinger operator on L2{R^) with 6' -interaction on a 
closed bounded set T of Lebesgue measure zero. Let the negative spectrum of the operator Ar^s' be 
discrete. Then the number of negative eigenvalues of the operator A-p^s' is not less than the number 
of isolated points of the set T having negative values of intensities of the S' -interactions. 

Proof. Let xi, x„ be isolated points of the set F having negative values /3fc < of intensities of 
(^'-interactions in the points Xk, k = 1, ...,n. Let eo > be a sufficiently small number such that 
the 2eo-neighborhood of each point G F contains no points of the set F other than Xk- Let 
be an n- dimensional subspace of S}(v4) containing the test-functions t{x) = t{x — x^, /3k,£kJk,rk), 
k = 1, ...,n, corresponding to the points Xk with the intensities Pk < 0. Choose numbers Sk < £o 
and Tk such that 

Pk + + ^{(3k + SkY = l(3k < 0. (28) 
3 3rk 2 

Moreover, choose all 4 > /, where / is larger than the diameter of F, and such that the intervals Ik = 
{Ik, Ik + 2rfc), k = l,...,n, do not intersect for distinct k. Hence, every function u G Cn can be 
represented as 

u{x) = ^ aktk{x - Xk, (3k, Sk, Ik, r-k), (29) 

k=l 

where are complex constants. Using properties of test functions and ( l28l) it is easy to see 
that the quadratic form {Au, u) is negative definite on the n-dimensional subspace £„, i.e. for 
u E Cn \ {0} we have 

n 1 " 

{Au,u) = Y, \ak\\Atk,tk) = - Y, Pk\ak\^ < 0. (30) 

k=l k=l 

Hence, it follows from the variational minimax principle [26] that the operator A has at least n 
negative eigenvalues. □ 
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6 Boundary conditions for ^'-interactions 



If r = X is a finite or countable set of points, X = {xk}'^=i, then the Schrodinger operator Lx,/3 
with (^'-interaction in the points & X with intensities /3fc is defined on functions that belong to 
the space W2{R^ \ X) and satisfy the boundary conditions (12) in every point x = x^- 

Let r be a closed bounded subset of of measure zero, |r| = 0. The Schrodinger operator 
with ^'-interaction on F is defined in an abstract form in Section 3 (see Definition 3). We will give 
a concrete construction of such operators following [8, 24]. 

Let r be endowed with a Radon measure, that is, a finite regular Borel measure fi [30] such 
that its support coincides with F. In this case, one can define boundary data on F for some 
functions ^ W2{R^ \ F), which is an analogue of ipsi^o), ip'si^o), ipr{xo), ip'rixo) given in (|9]). 

Let a function iIj{x) and its derivative ip'{x) have the following representations for x, s G -R^ \F: 



(31) 



where / and g are defined on F and absolutely integrable with respect to the measure /i. The 
functions / and g are called derivatives of the functions iIj{x) and tp'lx) with respect to the 



measure /x, and are denoted by / 



dfi 



, 9 



dip' 
dfj. 



They are analogues of the jump functions ^'^(^^o) 



and ipgi^Xo). It follows from (I3T]) that there exist functions iprix) = ^ipix -|- 0) + ip{x — 0)] 
and ipri^x) = ^[ip'{x -f 0) -|- ip'i^x — 0)] on F that are essentially bounded on F, i.e., belong to the 



space Loo(F, dfx). All four functions ipr, ^! and ^ define boundary data on F for functions ijj 
that admit representation (|3Ti) . The set of all functions in the space W2{R^\T) satisfying boundary 
conditions will be denoted by W2{R^ \ F; dfi). For functions ip, ip E W2{R^ \ F; dfi), it was proved 
in [8] that Green's first and second formulas hold with boundary values of and ip on F. 
Green's first formula is 



dn 



iPr + V'- 



djji 



dfi. 



(32) 



Green's second formula is 



{-1p",ip)L^(jii) - {iP,-(p")l2({R1) 



dip' _ ./dip dip' dip — " 

— iPr + 'Ipr-^ - ^Pr-. -^Vr 

an dfx an an 



dn 



= uj(Tip, Tip) =< flip, f2ip > - < t2ip, flip >, 

fiV^ = C0l(^, ^), f2 = C0\{lpr,-i''r)- (33) 

dn dn 

Green's second formula allows to consider different self-adjoint boundary conditions that are 
similar to one-point conditions considered in Section 2. They include the following boundary 
conditions that correspond to ^'-interaction on F: 



dip'{x) dip{x) ni ^ ,,i ^ ^ p 
^ = 0, ^ = /3(a;)^.(x), XGF. 



(34) 



Here, the real-valued function /3 is defined on F and is absolutely integrable with respect to 
measure n- The function /3 defines the intensity of the ^'-interaction on F. 
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7 Spectral properties of Schrodinger operator 
with (5'- interact ion 



The boundary conditions ( 134|) define a Schrodinger operator with ^'-interaction on F. The defi- 
nition domain of such an operator Lr,/3 consists of all functions in the space W2{R^ \ T; dfi) that 
satisfy the boundary conditions The operator acts on such a function ip by Lr,j3ip = 
X ^ r. This operator is Hermitian in virtue of Green's second formula ( |33l) . It was proved in [8] 
that it is self-adjoint. This is the following result. 

Theorem 2. Let T he a hounded closed suhset of the real line, having Lehesgue measure zero. Let 
a real-valued function P he ahsolutely integrahle on T with respect to a Radon measure fi. The 
Schrodinger operator L^^p is self-adjoint on the space L2{R^) and defines a 6' -interaction on T. 
The negative spectrum of the operator Lp^j is discrete. 

Proof. Since we work here with the abstract Definition |3] of a Schrodinger operator with 5'- 
interaction on F, the proof from [8] needs to be modified in view of this definition. The Schrodinger 
operator Lr,/3 is self-adjoint. This is proved in [8] for T being a Cantor set and a Hausdorff mea- 
sure on r. This proof is correct for the general case of ^'-interaction on a set F with a measure 
II. Let us consider an operator L^y-'^^ ^ space L2{a,b), where the interval (a, 6) contains the 

set r. The domain of operator L^'^^ consists of the restrictions on the interval (a, b) of all func- 
tions of W2{R^ \ T,dfi), that satisfy boundary conditions (IMll and also boundary conditions 
i{j{a) = 0, ip'{b) = at the endpoints of interval. The action of the operator L^'^'^ on these func- 
tions ijj leads to —il)"{x) with x ^ T. Let us show that the operator L^^'^ is self-adjoint in the 
space Iv2(a, b). For this, at the beginning, let us show that the range of values of operator L^^'j^ is 
the whole space ^2(0, b). In fact, since = 0, then because of fl3Tl) and the boundary condition 

^^'{b) = 0: ip'{x) = J h{s)ds, where h{x) = L^'^^iIj{x) = —il)"{x). Therefore, for any h G L2{a,b) 

X 

we have %Ij'{x) = ip'rix), and considering (1311) . boundary conditions and condition ip{a) = 
with X ^ F, we have 

^{x)= I i;\s)ds+ I (3{s)tp'{s)dfi{s)= I g{x,s)h{s)ds (35) 



mm{x,s) 

where Q{x, s) = min(x, s) — a+ / /3(^)c//i(^). The representation (135!) shows that the operator 

a 

[Lp"^-*]"^ is an integral bounded Hermitian operator in the space -^2(0, b). Therefore, the operator 

L[f^^ is self-adjoint in the space L2(a, 6). 

Let us consider the direct sum of self-adjoint operators L^, L^^'^\ : L = Lu (B L^^'^^ ©Lat 

in the space L2{R^) = L2(— oo,a) © ^2(0, 6) © L2(&, 00). Here, the self-adjoint operator L^, is 

defined in the space L2(— oo,a) by the differential expression — ^ on functions of the space 

H^2^(— cxD, a), that satisfy Dirichlet boundary condition ipla) = 0. The self-adjoint operator Ln is 

. 

dx'^ 

',/3 



defined in the space L2{b,oo) by differential expression — ^ and Neumann boundary condition 
ip'{b) = 0. The self-adjoint operator L^g^ is defined above in the space L2{a,b). It is easy to 



see, that the symmetric operator Lp^^ is a finite rank perturbation of the self-adjoint operator L 
in the space L2{R^) and corresponds to self-adjoint boundary conditions ipla — 0) = ipla -\- 0), 
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il;'{a-0) = f{a + 0),ij{b-0) = ^(6 + 0), ^/''(6-0) = ij'{b + 0). Therefore, [20] the operator Lr,/? is 
self-adjoint in the space L2{R^). Since the operator [L^'^^]~^ is compact and the operators Ld and 
Ln have absolutely continuous spectrum [0, +oo) and the spectrum of the operator -Z^p"^"* is discrete 

with only possible limit point A = oo then the spectrum of the operator L = Ld (B L^'j^^ (B Ln 
and consequently the spectrum of the operator Lr,^ can be only discrete on the negative half-axis 
since the self-adjoint operator Lr,/? is a finite rank perturbation of the operator L. 

On the other hand, the domain D{L-p^i3) possesses the properties required in Definition [31 
Indeed, it follows from representation ( 13T|) that if a function iIj{x) has boundary values on F, then 
the same is true for the function x{^) The boundary data for the function x{^) coincide 

with the boundary data for the function ^p(x) multiplied by the function x, that is, '^^^^^ = 
which means that (xV')r = xi^r, etc. This shows that, if ip E D{Lr,/3), then xi^ ^ D^Ly^p). 

Hence, the self-adjoint operator Lr,/3 describes a local interaction on F according to Definition^ 
Since the function x has trivial boundary data and ^ = 0, ^ = 0, Xr = 0, Xr = X-, it follows that 
this function satisfies boundary conditions flSTl) and, consequently, x ^ D^Ly^p). It now follows 
from Definition [3] that the self-adjoint operator Lp,^ defines a ^'-interaction on the set F. □ 

In order to extend the results of Theorem [T] to a general case, we will need the following 
definition. 

Definition 5. We say that a real-valued function /3 defined on a set F with a measure /i assumes 
negative values on an infinite number of subsets of F if for any natural N there exists e > and a 
collection of closed measurable nonintersecting subsets F^ C F, /u(Ffc) > 0, A; = 1, A^, such that 
the function assumes strictly negative values on F^, < — e, x G F^, = 1, N . 

Theorem 3. Let a real-valued function (5, defined on a closed hounded set F of Lebesgue measure 
zero, he absolutely integrable with respect to a Radon measure ^ and assume negative values on 
an infinite number of subsets ofV. Then the Schrddinger operator Ly, 13 with 5' -interaction on T, 
having intensity (3, is a self-adjoint operator on the space L2{R^) and has an infinite number of 
negative eigenvalues, Xn — )■ —00. 

Proof. The proof is similar to the proof of Theorem [H Let the conditions of the theorem be 
satisfied. Then, by Theorem 2, the operator Lp^^ is self-adjoint on L2{R^) and the negative 
spectrum of the operator Lr,/3 is discrete. Let us show that the operator Lr,^ has an infinite 
number of negative eigenvalues. To this end, it is sufficient to show that there exists an 

A^-dimensional subspace C]^ of the domain of L^^^ such that {Ly^^u^u) < 0, for any u G 
Z^TV; M 7^ for any natural A^. Fix A^. By the conditions of the theorem there exist non- 
intersecting closed subsets F^ C F, yu(Ffc) > 0, and e > such that < — e for x G F^, 
k = 1,...,N. Consider analogues of the test functions of Section HI Since the number of sub- 
sets Ffc is finite, they are closed and nonintersecting, there is 5 > such that all ^-neighborhoods 
i^siXk) = {y '■ \y — x\ < (5, X G Ffc} of the sets F^. are also pairwise nonintersecting. Let us construct 
a test function for each set F^. as follows. Consider the function Xk{x) G C^{R^) that equals 1 
on Ffc, takes values between and 1, and equals to zero outside of Us(Tk). Such a step function 
can be constructed as usual by making a smooth function from the characteristic function of the 
set V(s(Tk). As a candidate for the test function, we take 



2 



X 




(36) 



a 



{a,x) 
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where the number a is chosen so that all bounded sets U^iVk)-, k = 1, ...,N, would lie to the right 
of the point a. For x that lie on the right of the set F, this function takes the constant value c^. 
While the function tk does not belong to the space L2{R^), we can turn it into a function with 
compact support using two parabolas on the interval [/, / + 2r] that lies to the right of F. We thus 
get the test function 



tfc(a;;/3,Ffc,5, /,r) 



X < I, 

§,{l-xf + Ck, l<x<l + r, 



x] 



0, 



l + r <x <l + 2r, 
l + 2r < X. 



(37) 



Here, the parameters / and r may depend on k. 



Proposition 4. The main properties of the test functions t^ (SI) are the following: 
1° tkeV{LT,p) z/Fc (-00,/). 

2" By choosing 5 sufficiently small and r sufficiently large, we have 

{.Lr^ptk,tk) < — -£:/i(Ffc), 
o 

that is, the quadratic form takes negative values. 

N 



{31 



3^ The quadratic form of the linear combination t = (^k ' tk of test functions that satisfy the 



k=l 



condition 1°, if Ik and are chosen so that the intervals [hjk + Sr^] are pairwise disjoint, 
takes negative values. 



N 1 ^ 

(Lr,/3t,t) = ^ |afcP(^r,/34,4) < --e min/i(Ffc) ^ la^P < 0. 



(39) 



k=i 



k=l 



If these three conditions are satisfied, then the proof is finished by applying the variational 
minimax principle [26] as in the proof of Theorem 1. 

Let us now prove that test functions satisfy properties 1° — 3°. The first property is clearly 
satisfied by the construction of tk and tk in (!36|) and (1371) and the definition of the operator Lr,/?. 
The second property is most important. Since the function /3 is absolutely integrable on F with 
respect to the Radon measure fi and < Xfc < 1, "we see that there exists small S such that 



(40) 



W5(rfc)nr 



Moreover, since the set F has Lebesgue measure zero, there exists a small 6 such that the following 
estimate holds for the Lebesgue measure of the set Us(Tk): 



\Us{Tk)\<-efi{Tk) 



(41) 



If inequalities ( HOi) and ( HTi) hold, then the constant Ck, which is equal to the value of the 
function t for large k, satisfies the estimate 



\ck\ < (|e+ ||/3||Ll(^,dM))^(^fc)• 



(42) 
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By choosing large enough, we have 



J \t'{x)\'dx<^efi{Tk). (43) 

Ik 

In virtue of Green's first formula (l32l) . since the function tk satisfies the boundary condi- 
tions (131|1 and because t'i^{x) = Xk{x) for x < /fc, we have 



Ik+'irt: 

|2 



(Lr,^tfc,tfc)= / |Xfe(x)|^rfx+ / \t[{x)\'dx+ miXkiOrMO- (44) 



The first integral Xi in flH|) can be estimated in terms of the Lebesgue measure UgiTk), since 
values of the function Xk{x) belong to the interval [0, 1]. The second integral X2 = ^cl -r^^ can be 
explicitly calculated, since the function t'i^{x) on the interval [Ik, h + 2rfc] consists of two parabolas 
by f l37|l . The third integral X3 in (jH]) can be estimated as follows: 



Since, by choosing sufficiently small 6 and sufficiently large we can satisfy estimates ( HOj) 
we see that the quadratic form {Lr^i3tk,tk) is negative, i.e., inequality ( 138|) is satisfied. 

Consider now property 3°. Since the intervals {Ik, lk + '2rk) and the regions Us(Tk) are mutually 
disjoint, we have that (Lr,/?^^, tj) = for A; 7^ j. This leads to property ( l39l) . □ 

For nonlocal interactions we may get a behaviour different from the one in the local case. We 
illustrate this fact by the following example. 

Example 1. It is not possible that the same function is eigenfunction with negative eigenvalue of 
two different Schrodinger operators with local S and 6' interactions. This is not true for nonlocal 
point interactions. 

Indeed, let Ai be the self-adjoint operator in L2{R^) that corresponds to the two-point nonlocal 
interaction in the points Xi = —1 and X2 = 1 described by following self-adjoint boundary 
conditions 

^'(a;.+0)-^'(x,-0)=0, 

i)'{xj + 0) + i)'{xj - 0) + i)'{xi + 0) - i)'{xi - 0) + i){x2 + 0) - i){x2 - 0) = 0, J = 1, 2. 

There exists a unique negative eigenvalue — Ag of the operator Ai where the number Aq is the 
positive root of the characteristic equation Aq = 1 + tanh Aq, Aq ~ 1.968. The eigenfunction 'ipo{x) 
is odd iPq{—x) = —ipo{x) and has the form: 



sinh Xqx 



< x < 1, 



Let us consider the self-adjoint operator A2 that corresponds to the local 6' interaction in the 
points Xi = —1 and X2 = 1 with intensity /3 = —1. The domain of the operator A2 is given by 
self-adjoint conditions 

^'{x, + 0)-^'{x,-0) = 0, 

ij{x, + 0) - ^{x, - 0) = -fix,), J = 1, 2. 
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It is easy to check that the function ipoi^) of fH6l) satisfies the boundary conditions fHTl) . i.e. is 
an eigenfunction of the operator A2. However, there exists one more even eigenfunction tpi{x) = 
tpi{—x) of the form 

f -£2%^, < a; < 1, 

Mx) = { ^ (48) 

[ e~^i(^-^), 1 < X < +00 

with negative eigenvalue — where Ai is the positive root of the equation Ai = 1 + cothAi, 
Ai ^ 2.03. 



8 Deficiency subspaces 

In this section we give for arbitrary closed subsets F of with Lebesgue measure zero the 
deficiency subspaces of the operator Lmin,r- This result can be used for the construction of 
Hamiltonians describing an interaction which takes place inside F. 

First we fix some notation and consider any symmetric operator S in any complex Hilbert space 
"H such that the deficiency subspaces ran(S' ± i)-^ of S have the same Hilbert space dimension. 
For every unitary transformation U : ran(S' + i)-^ — > ran(S' — i)"*" put 

D{Su) := {f + Uf + h:femn{S + {)^,heD{S)}, 

Su := S*\D{Su). (49) 

By von Neumann's first and second formula, the mapping U ^ Su from the set of unitary 
transformations U : ran(5' + i)-^ — > ran(5' — i)-^ onto the set of self-adjoint extensions of 5* is 
bijective. Moreover every / G D{S*) can be uniquely represented as 

/ = /+ + /_ + /i, /± e ran(^ ±i)^,he D{S). 

Thus 

/_ = Uf+, if /± G ran(5 ±i)^,he D{S) and /+ + /_ + /i G D{Su). (50) 

Let D be a closed linear subspace of ran(S' + i)-^. Put 

D{S^) ■= {f + Uf + h:femn{S + i)^nD^,heD{S)}, 

:= S*\D{SS). (51) 

/ G ran(5'^ + i)-^ if and only if / G ran(S' + i)-^ and 

f±{S*+ (/+ + UU) = 2zU, U e ran(5 + z)^ n D^. 

Thus ran(5'^ + i)^ = D and we have proved the following lemma: 

Lemma 5. Let V : ran{S + i)-^ — > ran{S — i)^ be any linear mapping such that V f = Uf for all 
f G ran{S + z)"*" fl and V\D is a unitary mapping from D onto {Uf : / G D}. Then V is a 
unitary mapping from ran{S + i)-^ onto ran{S — i)-^, = Sy is a restriction of Su and Sy and 

ran{S^ + i)^ = D (52) 

By Krein's formula and fl52l) . {Su + i)~^ — {Sy is a finite rank operator with rank dimD, 
provided D is finite dimensional. By Weyl's essential spectrum theorem, the Birman-Kuroda 
theorem, and a theorem by Krein this implies the following result: 



17 



Lemma 6. Let S be a symmetric operator in the Hilbert space D a finite dimensional subspace 
of ran{S + z)-*- and U and V unitary transformations from ran{S + z)-*- onto ran{S — i)-^ which 
coincide on D-^nran{S + i)-^ . Then the self-adjoint extensions Su and Sy (cf. ^^^) have the same 
essential and the same absolutely continuous spectrum, and the number, counting multiplicities, 
of eigenvalues of Sy below the minimum of the essential spectrum of Sy is less than or equal to 
dim D. 

Now let us consider explicite examples. Let F be a closed subset of with Lebesgue measure 
zero and 2a G N. Let S be the symmetric operator in L'^{R'^) defined as follows: 

DiS) := C^{R'\T), 
Sf := i-Arf, feD{S). 

Based on ideas in [26] and with the aid of the theorem on the spectral synthesis in Sobolev spaces 
[25] one has determined the deficiency subspaces 

ran(5' — 2;)"'", 2; G C \ [0, 00), 

of the operator S, cf. [TO], Example 2.8. In order to formulate this result in the case we are 
interested in, i.e. d = 1 = a, we use the following notation: 

g,{x) := -^e^^l^l, x e R\ z e C\[0, 00), (53) 
/a/ z 

where the square root has to be chosen such that the imaginary part of ^/i is positive. Air denotes 
the set of positive Radon measures on with compact support in F and 

%,r := {gz * fi ■■ fi e Mr} U {{g, * u)' : u e Mr}- (54) 

Since every finite positive Radon measure fi on R^ belongs to the Sobolev space W2^iR^), we get 
the following result: 

Lemma 7. (cf. pLOj, Example 2.8) Let T be a closed subset of R^ with Lebesgue measure zero. 
Then Tz,r, defined by p^P , is a total subset of the deficiency subspaces D^^^r = ran{L.[ain,v ~^)^ = 
ker(Lniax,r — z) , i.e. DT^j is the closure of the span ofTz^r- 

Let (/i„) be a sequence of finite positive Radon measures converging weakly to the finite positive 
Radon measure /x. Then, by the dominated convergence theorem, the sequences of the Fourier 
transforms of {gz * /i„) and {{g^ * f^n)') converge in L'^{R^) to the Fourier transform oi g^* ^ and 
{Qz * fJ'Y, respectively. Hence the sequences {gz * fj,n) and {{gz * fJ'n)') converge in L'^{R^) to g^* [i 
and {gz * fi)' , respectively. Moreover for every finite positive Radon measure on R^ there exist 
positive Radon measures n G N, such that the support of fin is a finite subset of the support 
of /X for every n eN and the sequence {fin) converges weakly to fi. By Lemma [71 this implies that 

{9z{x - 7) : 7 G S} U {g'z{x - 7) : 7 G S} 

is a total subset of the deficiency subspace ^z,r, if S is dense in F. Moreover if 7 is not an 
isolated point of F, then gz{x — 7) and g'z{x — 7) belong to the closure of the span of the set 
{gz{x — 7) : 7 G S}. Thus we get the following result: 
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Proposition 5. Let T he a closed subset of E} with Lehesgue measure zero. Then for every 
2 G C \ [0, oo) 

S2) = {g.{x - 7) : 7 e Si} U {g'.Xx - 7) : 7 e ^2} (55) 

is a total subset of the deficiency subspace ^z,T! if, O'nd only if, Si is dense in T and S2 contains 
the set of all isolated points of T . 

Proof. Let us show that the conditions on Si and S2 are necessary for totahty of the set -B(Si, S2) 
in D^^,r- Let Si be not dense in F. Then, there exists a partition F = Fi U r2 on two not empty, 
not intersecting closed subsets Fi and F2 and Si C Fi. In this case, 

where the sum is direct and corresponding to this sum the skew projectors Pj : ^z,r — ^ ^z,rj, j = 
1,2 are bounded operators. Let us now show that in this case the set i?(Fi,F) which is larger 
than i?(Si,S2) will not be total in the deficiency space ^z,r- If -B(ri,F) would be total in D^^^r 
then the set -B(F2) = {g'z{x — 7) : 7 € F2} would be total in ^z,r2- However, it is not possible. 
In fact, a linear continuous with respect to the metric of L2{R^) functional e(/) = J f{x)dx is 

defined on the whole ^z,r2 ^i-nd is equal to zero on spani?(F2) but it is equal to — on a function 

gz{x — 7) G ^z,T2- Oiie can prove that if S2 does not contain all isolated points xq in F then even 
B{r, F\{a;o}) can not be total in ^z,r- In this case, the deficiency space ''yiz,{xo} is two-dimensional 
and a skew projection span_B(F, F \ {xq}) on ''yiz,{xo} is a one-dimensional subspace. □ 

Example 2. Let F be a closed subset of with Lebesgue measure zero and put S := Lmin,r- 
As pointed out in lemma [6] one may get far reaching results on the spectral properties of one 
self-adjoint extension Sy of S with the aid of another self-adjoint extension Su of S. Since one 
knows the spectral properties of the free quantum mechanical Hamiltonian, it is interesting to 
determine the unitary mapping U such that Su is the free quantum mechanical Hamiltonian, i.e. 

Su^ix) = ^ e D{Su) = W^{R'). (56) 

Passing to Fourier transforms one sees that g^i * fi — gi * E W2{R^) and {g^i * /i)' — {g^i * fi)' G 
W2{R^) for every jj, G A^r- By fISU]) . this implies that 

Ug-i* fi = -gi* fi and U{{g^i* fi)') = -{gi* fi)', fi e Mr- (57) 

Now fix /i G A^r and a G S^. By Lemma [5] there exists a unique self-adjoint extension A of S 
such that 

^0 := {g-^ * l^y + a{gi * /i)' G D{A) (58) 

and A and Su have a common restriction T such that ran(T + i)-^ is spanned by {g_i * fi)'. 
By Lemma [6l A and Su have the same essential spectrum and the same absolutely continuous 
spectrum and hence 

aessiA) = [0,00) = aac{A), (59) 
and the number, counting multiplicities, of negative eigenvalues of A is less than or equal to one. 

Acknowledgments. The second author (L.N.) expresses his gratitude to DFG for a financial 
support of the project DFG BR 1686/2-1 and thanks the Institute of Mathematics at TU of 
Clausthal for the warm hospitality. 



19 



References 

[1] S. Albeverio, J. F. Brasche, M. Rockncr, Dirichlet forms and generalized Schrodinger op- 
erators, pp. 1-42 in H. Holden, A. Jensen (eds.): Schrodinger operators. Lecture Notes in 
Physics, VoL 345, Springer, Berhn 1989. 

[2] S. Albeverio, C. Cacciapuoti, and D. Finco, Coupling in the singular limit of thin quantum 
waveguides, J. Math. Phys. 48 (2007), 032103. 

[3] S. Albeverio, F. Gcsztcsy, R. H0egh-Krohn, and H. Holden, Solvable m,odels in quantum 
mechanics. Springer Verlag, Berlin, 1988; 2nd ed. with an Appendix by P. Exner, Chelsea, 
AMS, Providence, 2005. 

[4] S. Albeverio, P. Kurasov, Singular Perturbations of Differential Operators. Solvable 
Schrodinger Type Operators, Cambridge University Press, Cambridge, 2000. 

[5] S. Albeverio, S. Kuzhel, and L. Nizhnik, On the perturbation theory of self-adjoint operators, 
Tokyo Journal of Mathematics, 31 (2008) no. 2, 273-292. 

[6] S. Albeverio and L. Nizhnik, Approximation of General Zero-Range Potentials, Ukrain. Mat. 
Zh. 52 (2000), no. 5, 582-589; translation in Ukrainian Math. J. 52 (2000), no. 5, 664-672 
(2001). 

[7] S. Albeverio and L. Nizhnik, Schrodinger operators with a number of negative eigenvalues 
equal to the number of point interactions. Methods Funct. Anal. Topology, Vol. 9, (2003), 
273-286. 

[8] S. Albeverio, L. Nizhnik, A Schrodinger operator with 5' -interaction on a Cantor set and 
Krein-Feller operators, Mathematische Nachrichten 279 (2006), no. 5-6, 467-476. 

[9] A. B. Antonevich, The Schrodinger operator with 5-potential: Finite-dimensional perturba- 
tions approach, Nonhnear Phenom. Complex Sys. (1999), 2 no. 4, 61-71. 

[10] J. F. Brasche, On extension theory in L^-spaces, Potential Analysis, vol. 4, no. 3 (1995), 
297-307. 

[11] J. F. Brasche, On eigenvalues and eigensolutions of the Schrodinger equation on the comple- 
ment of a set with classical capacity zero. Methods of Functional Analysis and Topology, vol. 
9, no.3 (2003), 189-206. 

[12] J. F. Brasche, Interactions along Brownian paths in E}, o? < 5, J. Physics A, vol. 38, no. 22 
(2005), 4755-4767. 

[13] J. F. Brasche, Interactions along Brownian paths: completeness and eigenvalues. Rep. Math. 
Phys. 59 (2007), no. 3, 331-335. 

[14] J. Brasche, R. Figari and A. Teta, Singular Schrodinger Operators as Limits of Point Inter- 
action Hamiltonian, Potential Analysis (1998) 8, 163-178. 

[15] J. F. Brasche, M. M. Malamud, H. Ncidhardt, Selfadjoint Extensions with Several Gaps: 
Finite Deficiency Indices, Oper. Theory Adv. Appl. 162 (2006), 85-101. 



20 



[16] J. Brasche, L. Nizhnik, A generalized sum of quadratic forms, Methods of Funct. Anal. 
Topology, n3 (2002), 13-19. 

[17] J. F. Brasche, K. Ozanova, Convergence of Schrodinger operators, SIAM J. Math. Anal. 39 
(2007), no. 1, 281-297. 

[18] C. Cacciapuoti and P. Exner, Nontrivial edge coupling from a Dirichlet network squeezing: 
the case of a bent waveguide, J. Phys. A: Math. Theor. 40 (2007), no. 26, F511-F523. 

[19] P. L. Christiansen, H. C. Arnbak, A. V. Zolotaryuk, V. N. Ermakov, Y. B. Gaididei, On the 
existence of resonances in the transmission probability for interactions arising from derivatives 
of Dirac's delta function, J. Phys. A: Math. Gen. 36 (2003), 7589-7600. 

[20] P. Exncr, The absence of the absolutely continuous spectrum for 5' Wannier-Stark ladders, 
J. Math. Phys. 36 (1995), pp. 4561-4570. 

[21] P. Exncr, H. Ncidhardt, and V. A. Zagrcbnov, Potential approximation to 5': An inverse 
Klauder phenomenon with norm-resolvent convergence. Comm. Math. Phys., 224 (2001), 
593-612. 

[22] 1. M. Glazman, Direct methods of qualitative spectral analysis of singular differential opera- 
tors (Israel Program for Scientific Translation, Jerusalem, 1965). 

[23] Yu. D. Golovaty and R. O. Hryniv, On norm resolvent convergence of Schrodinger operators 
with 5'-hke potentials, J.Phys.A: Math.Theor. 43 (2010) 155204. 

[24] V. I. Gorbachuk. and M. L. Gorbachuk, Boundary value problems for operator Differential 
equations. Kluwer Academic Publishers, 1991. 

[25] L. I. Hedberg, Spectral synthesis in Sobolev spaces, and uniqueness of solutions of the Dirichlet 
problem. Acta Math. 147 (1981), 237-264. 

[26] A. N. Kochubei, Elliptic operators with boundary conditions on a subset of measure zero, 
Funct.Anal.AppL, Vol. 16 (1982), 137-139. 

[27] A. Kostenko, M. Malamud, 1-D Schrodinger operators with local point interactions on a 
discrete set, J. Differential Equations 249 (2010) 253-304. 

[28] L. P. Nizhnik, Schrodinger operator with ^'-interaction. J. Funct. Anal. AppL, Vol. 37, 1, 
(2003), 85-88. 

[29] L. P. Nizhnik, One-dimensional Schrodinger operators with point interactions on Sobolev 
spaces, J. Funct. Anal. Appl. 40, n. 2, (2006), 74-79. 

[30] M. Reed, and B. Simon, Methods of Modern Mathematical Physics. IV. Analysis of Operators, 
Academic Press, New- York - San-Francisco - London, 1978. 

[31] P. Seba, Schrodinger particle on a half hue, Lett. Math. Phys., (1985) 10(1), 21-27. 

[32] P. Seba, Some remarks on the (^'-interaction in one dimension. Rep. Math. Phys. 24 (1986), 
111-120. 

[33] F.M. Toyama, Y. Nogami, Transmission-reflection problem with a potential of the form of 
the derivative of the delta function, J. Phys. A: Math. Theor. 40 (2007), F685-F690. 



21 



[34] H. Triebel, Fractals and spectra. Birkhaiiser Verlag, Basel-Boston-Berlin, 1997. 



[35] A. V. Zolotaryuk, P. L. Christiansen and S. V. Icrmakova, Scattering problems of point dipole 
interactions, J. Phys. A: Math. Gen. 39 (2006) 9329-9338. 

[36] A. V. Zolotaryuk, P. L. Christiansen and S. V. lermakova. Resonant tunneling through short- 
range singular potentials, J. Phys. A: Math. Gen. 40 (2007) 5443-5457. 

[37] A. V. Zolotaryuk, Two-Parametric Resonant Tunneling Across the S'{x)- Potential, Ad- 
vanced Science Letters, 1, N 2 (2008), 187-191. 

[38] A. V. Zolotaryuk, Point interactions of the dipole type defined through a three-parametric 
power regularization, J. Phys. A: Math. Theor.(2010), 43 105302. 

[39] A. V. Zolotaryuk, Boundary conditions for the states with resonant tunneUing across the 
(^'-potential. Physics Letters A (2010), 374 (15-16), 1636-1641. 



22 



